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Abstract. In this paper, we obtain a result about the existence of only a 
finite number of geodesies between two fixed non-conjugate points in a Finslcr 
manifold endowed with a convex function. We apply it to Randers and Zermelo 
metrics. As a by-product, we also get a result about the finiteness of the 
number of lightlike and timelike geodesies connecting an event to a line in a 
standard stationary spacctimc. 



1. Introduction 

In this paper, we extend to Finsler metrics a result about the finiteness of the 
number of geodesies joining two fixed points on a Ricmannian manifold, see [14]. 
Moreover, we present two applications of this abstract result. First we show that, 
under suitable assumptions, the number of lightlike or timelike geodesies with fixed 
arrival proper time joining an event and a timelike curve in a stationary spacetime 
is finite. Afterwards, we study the finiteness of geodesies joining two given points 
in a manifold endowed with a Zermelo metric. 

Let (M, F) be a non- reversible Finsler manifold; then two conditions of complete- 
ness are available: the forward and the backward completeness. As a consequence 
of the non-reversibility of the metric, the distance naturally associated to a Finslcr 
metric is not symmetric. The distance d(p, q) between two points p and q of M is 
defined as the infimum of all the lengths, with respect to the Finsler structure F, 
of curves joining p and q on M, so it is 



d(p,q) = inf / F(7, 7 )ds, 



where Q(p,q) is the set of all the piecewise smooth curves from p to q. A forward 
(backward) Cauchy sequence is a sequence {xj}igN such that for every e > there 
exists N G N with d(xi,Xj) < e for every j>i>N(i>j> N). The Finslcr 
manifold (M, F) is said forward (backward) complete if all the forward (backward) 
Cauchy sequences converge. By the Finslerian Hopf-Rinow theorem (see [2, Theo- 
rem 6.6.1 and Exercise 6.6.7]) forward (backward) completeness is equivalent to for- 
ward (backward) geodesic completeness. We recall that the curve with the reverse 
parametrization of a geodesic for a non-reversible Finsler metric is not necessarily a 
geodesic. For this reason, we say that the metric is forward (backward) geodesically 
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complete when geodesies with constant speed can be extended up to +00 (up to 
—00). 

The main result of the paper is the following: given a forward or backward 
complete Finsler manifold that admits a C 2 strictly convex function having a 
non-degenerate minimum point, then the number of geodesies between two non- 
conjugate points is finite (see Theorem 2.4). We will also study the existence of 
such convex functions for Randers, Zermelo and Fermat metrics. 

Randers metrics were introduced in [2.!] in order to study electromagnetic fields 
in general relativity. Zermelo metrics were introduced in [27] to study the least 
time travel path of a body moving under the influence of a mild wind. Fermat 
metrics are a particular type of Randers metrics defined on a spacelike hypersurfacc 
of a standard stationary spacetime. They come into play in the development of 
a variational theory for lightlike or timelike geodesies on a standard stationary 
spacetime, see [6] . Such variational theory allows one to give a mathematical model 
for the gravitational leasing effect in astrophysics, see [16, 22]. 

Randers, Fermat and Zermelo metrics provide the same family of Finsler metrics 
(see for example [4, Proposition 3.1]), but they are defined adding to a Riemannian 
metric on a manifold M a different geometric object, as a vector field, a positive 
function or a one-form. For this reason we study them separately. More precisely, 
since several results are known on the existence of convex functions in Riemannian 
Geometry (see Section 3.1), we shall study when a convex function for a Riemannian 
metric on a manifold M still remains convex passing to one of the Finsler structures 
above (see Propositions 3.3, 3.11 and 3.13). 

The paper is structured as follows. In Section 2 we give some basic notions 
about Finsler geometry and we obtain the main result about the existence of a finite 
number of geodesies joining two fixed points in the presence of a convex function 
(see Theorem 2.4). Section 3 is devoted to applications. In subsection 3.1 we obtain 
a finiteness result for Randers metrics (see Proposition 3.4). In subsection 3.2 we 
use the Fermat metric to obtain some results about the finiteness of the number of 
lightlike geodesies or timelike geodesies with fixed arrival proper time, between an 
event and a stationary observer (see Proposition 3.11). Finally in subsection 3.3 
we deduce a finiteness result for Zermelo metrics (see Proposition 3.13). 

2. A FINITENESS RESULT IN THE PRESENCE OF A CONVEX FUNCTION 

Let M be a smooth, connected, finite dimensional manifold and let TM be the 
tangent bundle of M; a non-reversible Finsler metric on M is a function F : TM — s- 
[0, +00) which is 

1) continuous on TM, C°° on TM \ 0, 

2) fiberwise positively homogeneous of degree one, i. e. F(x,Xy) — \F(x,y), 
for all x £ M, y € T X M and A > 0, 

3) the square F 2 is fiberwise strictly convex i.e. the matrix 

9ij(x,y) = 

is positive definite for any (x, y) G TM \ 0. 
The tensor 

9 = gij&x 1 ® dx J 



ld 2 {F A ) 
2 dy 'dyi 



(x,y) 
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is called the fundamental tensor of the Finsler manifold (M , F) ; it is a symmetric 
section of the tensor bundle tt*(T*M) ® ir*{T*M), where n*(T*M) is the dual of 
the pulled-back tangent bundle %*TM over TM\0 (ir is the projection TM -» M). 

The Chern connection V is the unique linear connection on tt*TM whose connec- 
tion 1-forms ui? arc torsion free and almost ^-compatible (see [2, Theorem 2.4.1]). 
By using the Chern connection, one can define two different covariant derivatives 
DtW of a smooth vector field W along a smooth regular curve 7 = j(s) on M, 
with velocity field T = 7: 

/ AW i \ B 

°TW=(— + WW^T))- 



with reference vector T , 



/ dW i \ B 

DTW=(^ + WW jk{7 ,W)^ 



with reference vector W , 



7(t) 

where the functions r* . fc are called the components of the Chern connection V and 
they are defined by the relation us* = Vj k dx . A geodesic of the Finsler manifold 
(M, F) is a smooth regular curve 7 satisfying the equation 

with reference vector T = 7. A curve 7 = j(s) is said to have constant speed if 
.F(7(s), 7(s)) is constant along 7. Geodesies are characterized as the critical points 
of the length and the energy functionals when considered in a suitable class of 
curves joining two points. 

Let (M, F) be a Finsler manifold. In analogy with the Riemannian case we say 
that a function / : M — > M is convex (resp. strictly convex) if for every constant 
speed geodesic 7: / C K — > M, / o 7: / — > K is convex (resp. strictly convex). 
Let / : M — > K be a C 2 function; a critical point x € M of / is a point where the 
differential of the function d/(x) is equal to . The Finslcrian Hessian Hf of / is 
the symmetric section of the tensor bundle n*(T*M) ® ix*(T*M) over TM\0 given 
by V(d/), where V is the Chern connection associated to the Finsler metric F. In 
natural coordinates on TM \ 0, the Finslcrian Hessian Hf of / is given by 

Clearly the functions (Hf)ij are symmetric with respect to the indexes since 
the components r 4 jfc of the connection are symmetric with respect to 

If 7 is a constant speed geodesic of (M,F), then the second derivative of the 
function g(s) = f(y(s)) is given by g"(s) = (#/)( 7 ( s ), T ( s ))(7(s),7(s)). Tllus a ° 2 
function / is convex iff for every (x,y) <G TM \ 0, (Hf)r Xty \(y,y) > and it is 
strictly convex if (Hf)^ x ^(y,y) > (see also [2G, Appendix 4]). 

A critical point x of / is called non- degenerate if (Hf)r x y \(y,y) ^ for any 
y G T X M, y^O. 

The following two propositions are useful to prove the main theorem of this 
section. 

Proposition 2.1. Let (M,F) be a forward or backward complete Finsler manifold 
and let f-.M—tM. be a C 2 convex function having a non-degenerate critical point 
po . Then po is a global minimum point for f and it is the unique critical point of 
f- 
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Proof. Let 7: [a,b] — > M be a non-constant geodesic starting at 7(a) = po- Then 
the function g(s) = f(~f(s)) is convex in [a, 6], that is, g"(s) > for any s € [a,b]. 
As po is a non-degenerate critical point, g'{a) = and g"(a) > 0. Clearly g' is 
an increasing function in [a, b], so that g' > 0. Assume that there exists a point 
so G]ffl 5 &] such that g'(so) = 0, then g'(s) = for any s € [a, sq], which is in 
contradiction with g"(a) > 0. Therefore g'(s) > for every s £ [a,b], hence 
f(po) < f(j(s)) for any s. Now, let q £ M an arbitrarily chosen point of M, by 
the Finslerian Hopf-Rinow theorem there exists a geodesic 7 g : [a, 6] — > M such that 
7 q (a) = po and 7 g (£>) = q. Since we have shown that f(j>o) < f(lq{b)) = f(q) and 
g'(b) > 0, it follows that po is a global minimum and the function / does not admit 
other critical points. □ 

Proposition 2.2. Let f: M — > R be a C 2 convex function of a forward or backward 
complete Finsler manifold (M, F) and suppose that there exists a non- degenerate 
critical point po of f (unique by Proposition 2.1). Then 

lim fix) = +00, and lim f(x) = +00. 

d(po >oo d(x.po)— >oo 

Proof. By Proposition 2.1 if po is a non-degenerate critical point of /, then it is 
a global minimum and the unique critical point of /. We prove now that for any 
diverging sequence (x n ) ra gN in M, it holds that linin^oo f(x n ) = +00. 

We assume that the Finsler manifold is forward complete (in the backward com- 
pleteness case the proof is analogous). 

Let A be a normal neighborhood of po, i.e., there exists a star-shaped open 
neighborhood U of zero U C T po M such that exp po : U — > A is a diffeomorphism 
of class C 1 in U and C°° in U \ {0} (see [2, §5.3]). For all x G A \ {p }, set 
u(x) = exp- o 1 (x)/F(po,exp- o 1 (x)), define 7^ : ]0, F(p , exp" 1 ^))] -> M as 7^(3) = 
exp po (su(x)) and 

/(7*(*)). 

s=-F(P0,oxp P0 1 (a;)) 

Clearly + is C 2 in A \ {po} and non-negative, because convex functions have 
increasing derivative. Now fix r G K small enough such that the sphere S+(po) = 
{y G M I d(poi ^) = r} is contained in A, and define 

5q = min 4> + {x). 

The number <5q" is positive, because otherwise there would exist x € S^ipo) such 
that 4> + (x) = and / o 7^ would be a constant function, in contradiction with the 
hypothesis that po is non-degenerate. 
Now, set 

fo = min /(x) > -00. 

xes+( Po ) 

Moreover, let 7„ : [0, b n ] — > M be any minimal geodesic from po to x„ having 
constant speed equal to one, and let g n : [0, b n ] — > R be defined as <? n (s) = /(7n(s)). 
Since the sequence (x„)„ e N diverges, we can suppose that b n > r, so that p n = 7„(r) 



0+(x) 



d 
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is well-defined. By the convexity of /, we get 

f{x n ) = 9n{b n ) > g n (r) + g' n {r)(b n - r) 

= /(?„) + 4>+(7n(r))(&n-r) 

> /o + + s o(d(po,x n ) - r) +00. 

We can analogously also prove that l^iO-d(x,po)^-oo f(x) = +00, by considering the 
minimizing unit speed geodesic j n : [c„,0] — > M from x n to po, the backward ex- 
ponential and a compact backward sphere S~(po) contained in the image of the 
domain of the backward exponential. The backward exponential is defined as 
exp~ o (v) = 7d(— 1), where "f v is the unique constant speed geodesic with 7„(0) = Po 
and j v (0) = v and 



where ~f x : [-F(p , (exp po ) ^-{x))^} -> M is now given by 7 x (s) = cxp po (su(x)) 
and = — (exp~ o ) _1 (a;)/F(po, ( ex Pp )~ 1 ( a; ))- Thus we have 

f(x n ) = 9n{c n ) > fl n (-r) + ,g^(-r)(c„ + r) 

= /(Pn) + <t>~ {jn(-r))(c n +r) 

= f(Pn) ~ 0~(jn(-r))(d(x n ,po) - r) 

^ /o" ~ S o(d(x n ,p ) -r) +00, 

where is the minimum value of / on S~(po) and 6q < is the maximum value 
of <f)~ on S~(j>o)- □ 

Remark 2.3. Similar to [5, Proposition 2.5 and Lemma 2.6], it can be proved that 
if a manifold M admits a C 1 function / with locally Lipschitz differential, having 
a unique critical point which is a global minimum and having compact sublevels 
f c = {xGM\ f(x) < c}, c € K, then it is contractiblc. So a forward or backward 
complete Finsler manifold admitting a C 2 convex function having a non-degenerate 
minimum point is contractiblc (observe that in this case the sublevels of / arc 
compact as a consequence of the Finslerian Hopf-Rinow theorem and Proposition 
2.2). Apart from those in [5], other results about the topological and differentiable 
structure of a Riemannian manifold endowed with a (non- necessarily C 2 ) convex 
function can be found in [1, 17, 18]. 

Theorem 2.4. Let (M, F) be a forward or backward complete Finsler manifold 
that admits a C 2 function f : M — > M with positive definite Hessian Hf everywhere 
and that has a minimum point. If p and q are non-conjugate points of M , then the 
number of geodesies in M joining p and q is finite. 

Proof. We begin by showing that a compact subset C C M containing the image 
of every geodesic joining p and q does exist. Indeed, set 



since convex functions reach the maximum at the endpoints of the interval, it 
follows that /(7(s)) < d and 7([0, 1]) C f d . By Proposition 2.2 and the Finslerian 
Hopf-Rinow theorem, the subset C — f d is compact. 




/(7*00). 



d = max{/(p),/(g)}, 



(i 



E. CAPONIO, M. A. JAVALOYES, AND A. MASIELLO 



We now claim that there exists a constant Eq such that 

F(j,j)<E , (1) 

for every geodesic 7: [0, 1] — > M connecting p to q. To prove it by contradiction, 
let us assume that there exists a sequence of geodesies -f n : [0, 1] —> M joining p 
and q and having constant speed E n with E n — > +00, as n — > 00. Consider the 
speed one geodesies y n : [0, E n ] —> M given by y n (s) = J n {s/E n ), The sequence of 
vectors {y n (0)} C T P M admits a subsequence converging to v £ T p M. Moreover, 
as the images of the curves y n are contained in C, the image of the geodesic y, such 
that 2/(0) = p and y(Q) = v, is also contained in C. Since Hf is positive definite, 
there exists a constant A = A (C) > such that, for all p G C and all u € T p M, 
the following holds: 

(#/)<„,„)(«,«) > A F 2 (p,u). 
So if we set p(s) = f(y(s)), then 

p"0) - (■»/)(»(.),*(.))(*(*),*(*)) > A i 7l2 (2/(s),2/(s)) = Aq > 0, 
for every s £ [0, +00) and hence lirn^oo p(s) = +00, which is in contradiction to 
the fact that the image of y is contained in the compact set C. 

Now we can conclude the proof observing that if there exists an infinite num- 
ber of geodesies connecting p to q, we can consider a sequence of such geodesies 
7m : [0,1] — > M, having initial vectors 7 m (0). From (1), the sequence 7 m (0) is 
contained in a compact subset of T p M; hence, it converges, up to pass to a sub- 
sequence, to a vector v € T p M . Then, by a standard argument on the continuous 
dependence of solutions of ODEs with respect to initial data, the geodesies 7 m 
uniformly converge to the geodesic 7: [0,1] — > M satisfying the initial conditions 
7(0) = p, 7(0) = v. By uniform convergence, we also have 7(1) = q. Thus, the 
Finslcrian exponential map exp p is not injective in a neighborhood of v, in con- 
tradiction with the fact that p and q are two non-conjugate points (see [2, Prop. 
7.1.1]). □ 

Remark 2.5. It is well known that if a manifold M is non-contractible in itself (for 
instance M is compact), then for any Finsler metric F on the manifold M, there 
exist infinitely many geodesies joining two arbitrary points p and q of M, see [6]. 
On the other hand, as in the Ricmannian case, there are circumstances in which 
the number of geodesies connecting any two points on (Af, F) is exactly equal to 1. 
For instance, the Cartan-Hadamard Theorem holds for forward complete Finsler 
manifolds having non positive flag curvature; thus if M is simply connected, the 
exponential map is a C 1 diffeomorphism from the tangent space at any point of 
M onto M (see [2, Theorem 9.4.1]). Under the assumptions of Theorem 2.4, the 
existence of infinitely many geodesies is excluded, but the existence of multiple 
geodesies between two points is allowed. This fact seems to be interesting in the 
gravitational lens effect, where a multiplicity of light rays occurs between an ob- 
server and the world line of a source, see [16, 22]. 

3. Applications 

3.1. Randers metrics. Let (M, h) be a Ricmannian manifold and let w be a one 
form on M such that for any x G M, 

Mx = sup -|P=<1. (2) 
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Then the Randers metric associated with h and w is the Finsler metric F on M 
defined as 

F(x,y) = y/h(y,y)+uj(y). (3) 

The couple (M, F) with F given by (3) is called Randers manifold. Let us observe 
that the condition \\lu\\ x < 1, for all x £ M, implies not only that F is positive, but 
also that it has fiberwise strongly convex square (see [2, §11.1]). 

Such type of Finsler metrics, with h Lorentzian, were considered in 1941 by G. 
Randers in a paper (see [23]) about the equivalence of relativistic electromagnetic 
theory (where the four dimensional space-time is endowed with a metric of the form 
(3)) and the five-dimensional Kaluza-Klein theory. 

Remark 3.1. As observed in [6, Remark 4.1], if the Riemannian metric {M,h) is 
complete and 

||w|| = sup \\w\\ x < 1, (4) 

then the Randers manifold (M, F) is forward and backward complete. 

By using the Levi-Civita connection V h of the metric h, the geodesic equations of 
a Randers metric, parametrized to have constant Riemannian speed, can be written 
as (see [2, p. 297]) 

V£<7 = y/h{6~&)il(&), (5) 
where Q is the (1, l)-tensor field metrically equivalent to = dco, i.c for every 
(x, v) £ TM, Cl(-,v) = h(-,Cl(v)). We observe that if we define a vector field B 
such that uj(v) — h(B,v), then Eq. (5) can be expressed as 

V^cr = y/h(&,&)CwlB(&), 

where Curlew) is the vector satisfying 

h{CuilB{v),w) = h{V^B,v) - h(V^B,w) 

for every v, w in T X M . 

The existence of convex functions is known for several classes of Riemannian 
manifolds. For instance, let M = and let ho be the standard Riemannian 
metric on M. N and consider a conformally equivalent metric h to ho, so there exists 
a smooth, positive function ?/: R N — > R such that h = rj(x)ho- Then, if 

V(x) - ^|Vr?| • |x| > 0, 

where | • | denotes the Euclidean norm, then the function G(x) = \x\ 2 is strictly 
convex for the conformal metric h (see [14, Lemma 3.1]). Moreover, if (M,h) 
is a complete non-compact manifold having non-negative sectional curvature, the 
Buscmann function with changed sign is convex (see [11]). Finally, on a simply 
connected complete Riemannian manifold with non-positive sectional curvature the 

smooth function x — > fdist' 4 (a;o! %)j , %o € M, is strictly convex (see [5]). 

Let (M,F) be a Randers manifold, with F given by (3). Our aim is to give 
conditions on the associated vector field B and on the covariant differential V h B 
ensuring that a convex function with respect to the metric Riemannian h is still 
convex with respect to the Randers metric F. To this end, we need to write the 
equation satisfied by a geodesic, parametrized with constant Randers speed, using 
the Levi-Civita connection V h and not the Chern connection. Since geodesies 
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joining two fixed points are the critical points of the length functional (with respect 
to the Randers metric F) 



ds, 



L{l)= / vWf?tj + u(i) 

Jo 1 

they satisfy the Eulcr-Lagrange equations 

v£ (<i/v^M) = 
and, after some straightforward computations, we obtain 



If a is parametrized with constant Randers speed yjh{&, a) + uj{&), we can replace 
the term ^(yhfo, cr)) in the last equation by the term — ^(cj(<t)), obtaining 



v h & * = ^H^&)Ci(&) - ^== &. (6) 

In the next proposition we compute (Hf)(y,y), for each (x,y) € TM \ 0, using 
the Levi-Civita connection of h. 

Proposition 3.2. Let f : M — >• R 6e a C 2 function. For each (x,y) £ TM \ we 
have 



H f {y,y) = H h f {y,y) + y/hfay) h(V h f,CurlB(y)) 
KV h f,y) 



F{x,y) 



(h{V h y B, y) + 7%^) h(B, CurLB(y))) , (7) 



where W h f and Hj denote, respectively, the gradient and the Hessian of f with 
respect to the metric h. 

Proof. Let cr be a geodesic of (M, F) parametrized with constant Randers speed 
and such that cr(0) = x, <r(0) = y. We set p(s) = f(a(s)). From Eq. (6), recalling 
that for any (x, v) e TM, Cl(v) = CurLB(w), we get 



p"(s) =H>l{a,a) + h{V h f,V h & a) 



=H)(&, a) + h{V h f, VH^&j CurLB(a)) - ds )A T LJ J h(V h f, a). (8) 
Now observe that from (6), we get 



h {HB ' &)) = F^W (/l(V ^' &) + ^^ h ( B > CuriS (^))) ■ ( 9 ) 
Substituting (9) into (8) we obtain (7). □ 

Now we give a condition which ensures that a /i-convex C 2 function is also convex 
with respect to F. We denote by | • | the norm with respect to the Riemannian 
metric h and by || • || the corresponding norms for tensor fields on M. 
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Proposition 3.3. Let f : M — > R be a C 2 function which is convex with respect 
to the Riemannian metric h. Assume that f has a strictly positive Riemannian 
Hessian Hj = V ,l (d/), i. e. there exists a strictly positive function A: M — > R 
such that Hj(v,v) > A(.t)|v| 2 , for all (x,v) £ TM. Moreover assume that 

3||d/||||V fc B||/(l-|B|)<A(x). 
Then f is strictly convex with respect to the Randers metric F. 

Proof. We have 



and 



\h<y h f, y/hfay)CuiW{y))\ < 2||V h £||||d/|||j/| : 

^ n iRhi i (H v ' ljB HM 2 + 2||V A fl|||i%| a ) ||d/|||»| 

(1 ~ \B\)\y\ 

= l|v ' lB|l T ± W l|d/ll|y|2 - 



Thus, from (7) we obtain 



H f {y,y) > [ X(x) _ — ) \y\ > 0. 



□ 



From the above proposition, Theorem 2.4 and Remark 3.1, the following propo- 
sition also holds. 

Proposition 3.4. Let M be a smooth manifold and let F be a Randers metric 
on M satisfying (4) and assume that the Riemannian metric h on M is complete. 
Assume that there exists a C 2 function f : M — > R having a minimum point and 
Hessian Hf satisfying 

H';(v,v)>\(x)\v\ 2 , 

for some positive function A: M — > R and for any (x,v) S TM. If 

\\df\\\\WB\\/(l-\B\)<X(x), 

then, for any couple p and q of non-conjugate points for (M, F), there exists only a 
finite number of geodesies connecting p to q with respect to the Randers metric F. 

Remark 3.5. The hypothesis that the points xq and x\ are non-conjugate is a rea- 
sonable assumption to have only a finite number of geodesies between two points 
on a Riemannian or a Finslcr manifold (for example it forbids the existence of a 
continuum of geodesies with endpoints Xq and X\). Anyway it is not a necessary 
condition. Indeed on a Randers manifold, by using Stationary-to- Randers corre- 
spondence [8] (see also next subsection) and some bifurcation results for lightlikc 
geodesies in a Lorentzian manifold (see [20, Proposition 13]), it can be proved that if 
xq and x\ are conjugate along the geodesic 7, 7: [0, 1] — > M, 7(0) = xq, 7(1) = x\, 
then there exists a continuum (7 e ) ee [ . eo ) of geodesies, 7 £ : [0, a] — > M, a > 1, and 
a function s — s(e) : [0, £0) [0,a] such that 7 e (0) = xq, for each e £ [0,£o), 
s(e) -> 1, 7e(0) -> 7(0), as e -> 0, and j e (s(e)) = t(s(e)). 
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Moreover, by Sard's Theorem and the fact that conjugate points are critical 
values of the exponential map, we know that the set of non-conjugate points to a 
given point xq is generic in M. Again using Stationary-to-Randcrs correspondence 
and a recent result about genericity of the condition for being a point and a line in 
a standard stationary spacctime non-conjugate (see [12, 13]), we have that the set 
of all the C 2 Ricmannian metrics h and the set of all the C 2 one- forms wonM, 
for which two fixed distinct points xo, x\ € M are non-conjugate in the Randcrs 
manifold (M, \fh + u>), are generic in the sets of all the bilinear forms and all the 
one-forms on M, with respect to a suitable topology (in particular, such a topology 
implies C 2 -convergencc on compact subsets of M). Finally we mention that a 
systematic study of the Finslcrian cut locus can be found in [19]. 

3.2. Applications to stationary spacetimes. In this subsection, we apply the 
results in Section 2 to the study of causal geodesies connecting a point to a timelike 
curve on a standard stationary Lorentzian manifold. 

A standard stationary spacetime is a Lorentzian manifold {L, /), where L splits as 
a product L = M x R, M is endowed with a Ricmannian metric go, and there exist 
a vector field d and a positive function (3 on M such that the Lorentzian metric I 
on L is given by 

l((y, r), (y, r)) = g (y, y) + 2g (6, y)r - p(x)r 2 , (10) 

for any (x, t) € M X R and (y, t) € T X M x R. We observe that a stationary 
spacetime, that is, a Lorentzian manifold which admits a timelike Killing field, 
is standard whenever the timelike Killing field is complete and the spacetime is 
distinguishing (see [21]). 

A curve (x(s),t(s)) in L is a future-pointing lightlikc geodesic if and only if x is 
a geodesic for the Randers metric, that we call Fermat metric, defined as 



F(x, y) = ^p{5,y) 2 +p{y,y) + p{5, y), (11) 

where p = j^go, parametrized with constant Ricmannian speed p(x,x) + p(8,x) 2 , 
and t coincides, up to a constant, with the Fermat length of x (see [6, Theorem 
4.5]). 

We need to express the equation satisfied by Fermat geodesies using the Levi- 
Civita connection of the metric p. For this reason we denote by | • |o the norm with 
respect to the Riemannian metric go and by V the Levi-Civita connection of go or 
the gradient with respect to go, | • |i and V denote the norm and the Levi-Civita 
connection of p, while || • ||o and || • ||i denote the corresponding norms of the tensor 
fields on M. Moreover, in this subsection we set h(-, •) = p(S, -) 2 + p(-, •)■ 

Lemma 3.6. A curve 7 in (M,F), F defined in (11), parametrized with constant 
Riemannian speed h{^, 7), is a geodesic of (M,F) if and only if it satisfies the 
equation 

%y = F(y,i)n(y)-±(p(8,i))S, (12) 

where Q(y) = V*<5(y) — V<5(y), V<5(y) = V a (5 and V*5 is the adjoint with respect to 
p of VS. 

Proof. Consider the length functional of the Fermat metric 

L(x)= [ \^/p(5{x),x) 2 +p(x,x) +p(S(x),x)] ds. (13) 
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Let V be the Levi-Civita connection of the Riemannian metric p\ the Euler-Lagrange 
equations of the functional (13) can be written as 

_ ^ ( + Pis^m + -. m m) = o (14) 

Hence, if 7 is parametrized to have constant Riemannian speed, we get: 

V . j = _ ( p (S, 7 )<5) + P (S, 7) V*6(j) + ^/WfTf) (v*<5( 7 ) - W(<y)) 

= ~{p(5,i))8 + p(5,i) (V*6(j) - 

+ VWuf) fv*%) - w( 7 ) 



= %T)fi(7)-^W^)^- 
ds 

By computing p(V^7, 7) we can easily see that any solution of (12) has constant 
/i-Riemannian speed and it satisfies equation (14). □ 

Lemma 3.7. A geodesic a of(M,F), F defined in (11), parametrized with constant 
Randers speed \J h{a, a) + p(5, a) satisfies the equation 

4-(p(6,&)) 

V,6- = F(a 7 &M*) - ^j£=h=- + F(°, &)S) ■ (15) 

y/h((T,(T) 

Proof. Since a has constant Randers speed, we have that 

d 



— y/h{a,&) = - — (p(5,&)). 

Using this equality in (14), we obtain (15). Computing p(V^(T, it), we deduce that 
the solutions of (15) have constant Randers speed, so that they are solutions of the 
Euler-Lagrange equations (14). □ 

We observe that a link between the geodesies of a Randers metric and those 
of a stationary spacetime also exists for timelike geodesies of (L,l). Indeed, each 
timelike geodesic of (L,l), I as in (10), can be seen as the projection on L of a 
lightlikc geodesic in the stationary spacetime (L, I), where L = AI x M x R and 

K(V> v ' T )> (y> w > T )) = 9o(y, y) + v 2 + 2g (S, y)r - f3(x)r 2 . (16) 
More precisely, as it was observed in [6, Section 4.3], a curve z(s) = ix(s), u(s), t(s)) 
in L is a lightlike geodesic if and only if (x(s),t(s)) is a timelike geodesic of (L, I) 
and u(s) is constant and equal to E, where — E 2 = l((x(s),i(s)), (x(s), t(s))) . We 
recall that a timelike geodesic is parametrized with respect to proper time if E = 1 . 
As a consequence, the existence of timelike geodesies with arrival proper time equal 
to a given T > and joining a point (xq,qo) to a timelike curve £(g) = (x±,g) 
can be deduced from the existence of geodesies connecting (xq, 0) to (x±,T) on the 
manifold N = AI x R endowed with the Fermat metric F, where F is given by 



F((x,u),(y,v)) = ]J J^(9o(y,y) + v 2 ) + j^g (S,y) 2 + ^^g (S,y), (17) 

for all ((x,u), (y,v)) £ TN. Indeed, a curve (x,t) : [0, T] — > L is a future-pointing 
timelike geodesic of (L, I), parametrized with respect to proper time, if and only if 
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[0, T] 3s-) (x(s),u(s),t(s)) € L is a lightlike geodesic (and therefore u(s) = s up 
to an initial constant). At the same time, this fact is equivalent to the requirement 
that the curve [0, T] 9 s — > (x(s),u(s)) € N is a geodesic of (N,F), parametrized 
with constant Ricmannian speed 1 and t = t(s) equal, up to an additive constant, 
to the length with respect to F of the curve (x(r), u(r)), r £ [0, s\. 

Before stating the main result of this section, we need the following definition: 

Definition 3.8. Let (L, I) be a Lorentzian manifold, p <G L and £: (a,b) — > L a 
timelike curve such that p ^ £{{a,b)). We say that p and 7 are future lightlike 
(resp. T -timelike) non- conjugate, if the points p and 7(1) (resp. j(T)) are non- 
conjugate along 7, for all the future-pointing lightlike geodesies 7: [0, 1] — > L (resp. 
timclike geodesies 7: [0,T] — > L parametrized with respect to proper time) such 
that 7(0) = p and 7(1) e £{{a, b)) (resp. 7(T) g £((a, 6))). 

Remark 3.9. It can be proved (see Theorem 3.2 of [7]) that if (L, I) is a standard 
stationary spacetime then a point (xo,go) G £ and a curve €(g>) = (xi,g), with 
xq, xi € M, xo ^ x\, are future lightlike non-conjugate if and only if xo and x\ are 
non-conjugate in the Randers manifold (M,F). 

Remark 3.10. Analogously, if the point (xq, go) and the curve I are future T-timelike 
non-conjugate, then the points (xo,0) and (xi,T) are non-conjugate in (N,F). This 
can be seen by using the extended stationary spacetime (L, I) and the associated 
Randers manifold (N,F). Indeed, by the fact that any Jacobi vector field along 
a geodesic in (L,l) has u component which is an affine function, if the points 
(a;(0),i(0)) = (xo, go) and (x(T),t(T)) £ £(R) are non-conjugate along any timelike 
geodesic s <S [0,T] i-> (x(s),t(s)) in (L,l) parametrized with respect to proper 
time and connecting them, then the points (x(0), 0, f (0)) and (x(T),T,t(T)) are 
non-conjugate along any lightlike geodesic (x(s), s,t(s)) in (L,l) connecting them. 
Therefore, by [7, Theorem 3.2], the points (xo,0) and (x\,T) are non-conjugate in 
(N,F). 

Next proposition follows the same lines as Proposition 4.7 in [15], but we point 
out that in the latter there is an error in the hypotheses that d and f3 have to satisfy. 
Thus, for the sake of clearness, we redo the proof with slight changes. In addition, 
we obtain a new result about the finiteness of the number of timelike geodesies 
parametrized with respect to proper time on a given interval. 

Proposition 3.11. Let (L,l) be a standard stationary Lorentzian manifold, with 
I as in (10). Assume that (M,go) admits a C 2 convex function f: AI — > K with a 
minimum point and strictly positive definite Hessian H 9 f ° . If 



16M \//3(x) 

for some C E M. + , and the functions || V<5||o/ \fp{x) and |V/3|o//?(x) are small 
enough, then there exists at most a finite number of future-pointing lightlike geodesies 
joining the point (xo, go) with the curve £(g) = (xi,g), (xo, go) an d £ being future 
lightlike non-conjugate. Moreover if the point (xq, go) cind the curve £ are future 



Notice that any regular curve 7 : [0, T] — > M in a Randers manifold (M, F), parametrized with 
constant Randers speed, can be parametrized on the same interval [0, T] with constant Riemannian 
speed. 
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T -timelike non-conjugate, the number of future- pointing timelike geodesies from 
(xq, go) to £ and having arrival proper time equal to T is also at most finite. 

Proof. By definition of strictly positive definite Hessian (with respect to the metric 
go), there exists a function Ao : M — > (0, +00) such that 

Hf (v,v) > X (x)\v\l 

for all x G M and v G T X M. Let x : [a, b] — >• M be a geodesic of (M, F), F as in 
(11), and define p(s) — f(x(s)). Then / is strictly convex for F if p"(s) > for 
every geodesic x. We compute p" using the Hessian of / with respect to go- 

p"(s) = H 9 f °(x,x)+g (Vf,V*x) > Hf(x,x) - |V/|o|Vix| . (18) 

From Eq. (15), observing that 

\x + F(x, x)S\x = F(x, ±)yj 1 + 

we get 

\-^-(v(x 5))\ 1 

|V*i|i < 2F(x,x)\\\76\\ 1 \x\ 1 + \ >n F{x,x)Jl + \S\\. (19) 

V \ x \\ P\"i x ) 

By using Eq. (15) again in 
d 



(p(x,5)) =p(V i x,5)+p(x,Va : S) 
as 



we obtain 



:*0M) = %TZ ivi ] x L (F(x,x)p(Q(x),6) +p(x,%6)). (20) 



d s) = y\x\{+p(s,xy 

ds P{,) F(x,x)(l + \S\l) 

Finally, substituting Equation (20) into (19), by F(x,x) < \x\i(l + 2\S\i) and the 
Cauchy-Schwartz inequality, we deduce that 

|Vii|i < (21) 

where 

H(r) = (2(1 + 2r)( V / l + r 2 + r) + 1 V 

V 1 + r 2 V / 

We observe that for every couple of vector fields X,Y of the manifold M, it holds 

that 

VxY = V X Y + ^((Xp-^Y + {Yfr^X - g (X, Y)Vp~ l ) 
(see, for example, [10, p. 181]). Hence, after some calculations, we get 

IV^Io < |V*i| + f^yNo; II W||o < ||V5|| + |l*lo^- (22) 



As ||V<5||i = ||V(5|| and |V±i|o = \J (3{x)\V ±x\\, by using inequalities (21) and (22) 
we get 



\\VS\\ , 3 \6\ \Vf3\o\ H ( \S\ \ , 3 |V/?| 



Since we have assumed that sup„ gM - 1= < C, if 11^^11° anc j lY/ 3 !" are small 

enough, Eq. (18) implies that / is a strictly convex function. Moreover, let us 
observe that the hypothesis swp xeM — |=J= = < C, for some C 6l and completeness 
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of go , imply forward and backward completeness of the Fermat metric (see Remark 
3.1 and [6, Remark 4.13, Eq. (47)]). From Remark 3.9, the points xo and x\ are 
non-conjugate in (M,F) and then by Theorem 2.4 we conclude that the number 
of lightlikc geodesic is finite. In the case of geodesies parametrized with respect to 
proper time and having fixed arrival proper time T, we observe that the metric I in 

(16) is a stationary Lorcntzian metric with 5 = (6, 0) and /3(x, u) = /3(x), so that we 
aim to apply the first part of the theorem to (L, /), the point (xq, 0, go) and the line 
K 3 p M> (xi,T, p) G L. It is clear that the hypotheses on S and /? are also satisfied 
in this case. To show the existence of a convex function, we proceed as follows: 
consider a real strictly convex function g : R — > R having a minimum point. The 
summation f + g : M x R — >R defined as (/ + g)(x, y) = f(x) + g(y) is a strictly 
convex function for the metric go + dit 2 , and it has a minimum point. As in the 
proof of Proposition 4.14 in [6], we obtain the completeness of (N, F), F defined in 

(17) . From Remark 3.10, the points (xo, 0) and (x±,T) are non-conjugate in (N, F) 
and applying again Theorem 2.4, we complete the proof. □ 

3.3. Zermelo's problem of navigation on Riemannian manifolds. The prob- 
lem that we study in this section concerns the effects of a mild wind in a Riemannian 
landscape (M,g). This problem is known as Zermelo's navigation problem (see [27]) 
and it was treated by C. Carathcodory in [9] when the background is R 2 . Z. Shen 
has recently generalized it to arbitrary Riemannian backgrounds in any dimension 
(see [25]). Following [3], we know that if the mild wind is represented by a vector 
field W on M such that \W\ < 1, for each x £ M, (| • | is the norm associated to g) 
the trajectories that minimize (or more generally make stationary) the travel time 
are the geodesies of the metric 



^/g(W,yr + \y\Mx) 9(W,y) 
F{x,y) = j—s ^— , 23) 

where a(x) = 1 — IM^I 2 . Metrics as in (23) are of Randers type and in [3] they 
are used to classify Randers metrics with constant flag curvature, while in [24] a 
classification of their geodesies is obtained when W is an infinitesimal homothety. 
Moreover these metrics are very similar to Fermat metrics in standard stationary 
spacctimes. The only difference is that the one-form in the Randers metric has the 
opposite sign and there is a constraint over f3, that is, (3(x) = 1 — |<5| 2 . Thus, a 
Zermelo metric is a Fermat metric with ft = a and 5 = —W. 

Remark 3.12. If sup xg ^/ 114^1 — yU < 1 and the Riemannian metric g is complete, 
then the Zermelo metric is also forward and backward complete. This is because 
from equation (47) in [6] we obtain 

sup \\uj x \\ < sup \W(x)\ = p < 1, 
where ||a;|| is the norm of the 1-form w with respect to the metric 

%> v) = —r^9{y, v) + -YT^div, wf. 

a{x) a £ {x) 

As also ^g is complete, applying Remark 3.1, we deduce the completeness of the 
Zermelo metric. 



From the above remark, the result in Proposition 3.11 can also be proved for 
Zermelo metrics. 
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Proposition 3.13. Let (M,g) be a complete Riemannian manifold, W be a vector 
field in M such that sxrp xl£M \W(x)\ = < 1 and a(x) = 1 — |W^| 2 - A 



ssume 



that (M, g) admits a C 2 convex function f : M — > K having a minimum point and 
strictly positive definite Hessian. If aup xeM ||VW|| is small enough, then there 
exists a finite number of Zermelo geodesies joining two non- conjugate points of 
(M,F), being F the Randers metric defined in (23). 

Proof. The completeness of the Zermelo metric follows from Remark 3.12. For the 
existence of the convex function, it is enough to observe that 

|V(l-|vy| 2 )| IVIV^I 2 ! 2 2 
i—i: — 11 n = 111 1 < — - — Wll VW < — - — \\VW\ 
1-\W\ 2 1-\W\ 2 1 — ju 2 1 111 " l-fi 2 11 11 

and also to apply Proposition 3.11. □ 
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